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Abstract
We study the D-space property and its generalizations, the notions of an aD-space and a weak
aD-space in connection with covering properties. A brief survey on D-spaces is presented in
Section 1.
Among new results, it is proved that if a linearly ordered space is an aD-space, then it is
paracompact. The statement further extends the list of equivalences in [Proc. Amer. Math. Soc.
125 (1997) 1237]. We also establish some sufficient conditions for the free topological group of
a Tychonoff space to be a D-space. In particular, the free topological group of a semi-stratifiable
space is shown to be a D-space, while it need not be semi-stratifiable. A similar result is established
for the free topological group of a space with a point-countable base. Some new interesting open
problems on D-spaces and on spaces close to them are formulated. In particular, we discuss several
such questions in connection with the sum theorems.
 2004 Elsevier B.V. All rights reserved.
MSC: 54D20; 54J99
Keywords: D-space; Semi-stratifiable space; Point-countable base; Free topological group; aD-space
1. D-spaces and their generalizations
This paper is a continuation of [3]. We study the D-space property and its general-
izations, the notions of an aD-space and a weak D-space, especially we discuss them in
connection with various popular covering properties. We also establish a certain sum the-
orem which provides sufficient conditions for the free topological group of a space to be a
D-space.
For undefined notions from the theory of covering properties see [11]. We define the
extent e(X) of a space X as follows. A subset A of a space X is discrete in X (locally finite
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in X) if every point x ∈ X has an open neighbourhood Ox containing not more than one
element (only finitely many elements) of A. The extent e(X) of a space X is the smallest
infinite cardinal number τ such that |A| τ , for every subset A of X which is locally finite
in X. This definition obviously coincides with the usual definition of the extent of X for
all T1-spaces.
A neighbourhood assignment on a topological space X is a mapping φ of X into the
topology T of X such that x ∈ φ(x), for each x ∈ X. A space X is called a D-space if, for
every neighbourhood assignment φ on X, there exists a locally finite in X subset A of X
such that the family φ(A) covers X.
A principal property of D-spaces is that the extent coincides with the Lindelöf number
in such spaces. In particular, every countably compact D-space is compact and every
D-space with the countable extent is Lindelöf. These facts make the notion of a D-space
useful in studying covering properties.
It is well known that many covering properties of topological spaces combined with
countable compactness imply compactness. This naturally leads to the question: how is the
D property related to these covering properties?
It is still an open problem (van Douwen [17]) whether every regular Lindelöf space is
a D-space. It is even unknown whether every hereditarily Lindelöf regular T1-space is a
D-space. Van Douwen also asked whether there exists a subparacompact or metacompact
space which is not a D-space. These questions are still open. Recall that a space X is said
to be subparacompact if every open covering of X can be refined by a σ -discrete closed
covering [11].
It is known for some time that all metrizable spaces, and, more generally, all Moore
spaces and all semi-stratifiable spaces, are D-spaces [9]. An interesting general result was
recently obtained by R.Z. Buzyakova: every strong Σ-space is a D-space [12]. It follows
from her theorem that all Tychonoff spaces with a countable network, all σ -spaces, and
all Lindelöf Σ-spaces (that is, all Tychonoff continuous images of Lindelöf p-spaces) are
D-spaces. Recall that a σ -space is a space with a σ -discrete network.
On the other hand, there exists a Hausdorff, locally compact, locally countable,
separable, first countable, submetrizable, σ -discrete, realcompact space with a Gδ-dia-
gonal which is not a D-space: the space Γ constructed by Wicke and van Douwen in
[18] has all these properties. Thus, there exists a locally compact σ -metrizable Tychonoff
space with a Gδ-diagonal which is not a D-space. Note that we call a space X σ -discrete
(σ -metrizable) if it is the union of a countable family of not necessarily closed discrete
(metrizable) subspaces. Observe, in connection with the space Γ , that if a regular T1-space
X is the union of a finite collection of metrizable subspaces, then X is a D-space [3].
However, the next question remains open (though it is highly improbable, in my opinion,
that the answer to it will be “yes”).
Problem 1.1. Suppose that a (regular, Hausdorff, Tychonoff) T1-space X is the union of
two subspaces which are both D-spaces. Is then X a D-space as well?
At the end of the article we formulate an interesting version of this problem, which
might have a positive answer.
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Often it is not easy to verify whether a space is a D-space. We will now consider a
formally weaker property which is much easier to verify for large classes of spaces and is
still strong enough to imply compactness for countably compact spaces.
A space X is an aD-space [3] if for each closed subset F of X and each open covering
γ of X there exist a locally finite in F subset A of F and a mapping φ of A into γ such
that a ∈ φ(a), for each a ∈ A, and the family φ(A) = {φ(a): a ∈ A} covers F . Any such
mapping φ as above will be called a pointer (from A to γ ). The next statement is proved
in [9].
Theorem 1.2 (Borges and Wehrly). Every subparacompact space is an aD-space.
Here are some important, though obvious, properties of aD-spaces.
Proposition 1.3. Every closed subspace of an aD-space is an aD-space.
Lemma 1.4. If X = Y ∪Z, where Y is an aD-space (a D-space) and Y is closed in X, and
every closed in X subspace of Z is an aD-space (a D-space), then X is also an aD-space
(a D-space, respectively).
Proposition 1.5 [3]. If X = Y ∪ Z, where Y and Z are aD-spaces (D-spaces) and Y is
closed in X, then X is also an aD-space (a D-space, respectively).
Recall that a space X is said to be isocompact if every closed countably compact subset
of X is compact (see [28] about this notion and its applications). Clearly, every countably
compact aD-space is compact. Therefore, we have:
Proposition 1.6. Every aD-space is isocompact.
Let us say that a space X is a weak aD-space if for each open covering γ of X there
exist a locally finite in X subset A of X and a mapping φ of A into the set of all countable
subfamilies of γ such that a ∈ V , for each V ∈ φ(a), and the family ⋃{φ(a): a ∈ A}
covers X. If φ(a) can be selected to contain exactly one element of γ , we will call X a
bD-space. It was observed by Borges and Wehrly in [9] that all subparacompact spaces are
bD-spaces. The next statement is obvious.
Proposition 1.7. A space X is an aD-space if and only if every closed subspace of X is a
bD-space.
On the other hand, the notion of a bD-space is closely related to the following notion,
introduced much earlier by Arens and Dugundji [1]. A covering η of a space X is said
to be minimal if η does not contain any proper subcovering of X. A space X is minimal
cover-refinable (or irreducible) if every open cover of X can be refined by a minimal open
covering η. It is not difficult to show that a T1-space X is minimal cover-refinable if and
only if X is a bD-space (see [8,9]). Therefore, we have:
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Theorem 1.8. A T1-space X is an aD-space if and only if every closed subspace of X is
minimal cover-refinable.
The assumption that X is T1 is essential.
Example 1.9. Let N be the set of all positive natural numbers and Un = {k ∈ ω: k < n},
for n ∈ N . The family γ = {Un: n ∈ N} is a base of the topology TN = γ ∪ {N} on N .
The space N so obtained is not T1. It is a bD-space, since the set N is locally finite.
Indeed, let η be any open covering of N . Take any n ∈ N , and let φ(n) be some element
of η containing n. This φ is what we need. In fact, a similar argument shows that every
subspace of N is a bD-space. Hence, N is an aD-space. However, N is not minimal cover
refinable, since the covering γ cannot be refined by a minimal subcovering. This can be
easily checked. Note that the only closed discrete subset of N is the empty set while every
subset of N is locally finite in N .
Not every closed subspace of a minimal cover refinable Hausdorff space is minimal
cover refinable (see, for example, [15]). It follows that not every bD-space is an aD-space.
The next obvious statement implies that not every Tychonoff space is a weak aD-space.
Proposition 1.10. Every weak aD-space of the countable extent is Lindelöf.
Corollary 1.11. Every countably compact weak aD-space is compact.
A locally metrizable space need not be a weak aD-space, since there exists a countably
compact locally metrizable normal space which is not compact (ω1 is such a space).
A space with a Gδ-diagonal also need not be a weak aD-space, this is witnessed by the
space Γ of van Douwen and Wicke.
Example 1.12. The space Rc is a not an aD-space. Indeed, the space Γ of van Douwen and
Wicke can be represented as a closed subspace of the space Rc , since it is a realcompact
space of the weight  c = 2ω . However, Γ is not an aD-space. It remains to apply
Proposition 1.3.
Problem 1.13. Is it true in ZFC that the space Rω1 is not an aD-space?
A space X is weakly θ -refinable (see [6]) if every open covering γ of X can be refined
by a covering η which is the union of a countable family of subfamilies ηn such that
each ηn is discrete in
⋃
ηn. This covering property, introduced by Bennett and Lutzer
[6], is especially important, since it is automatically preserved by arbitrary countable
unions (unlike many other covering properties, like metacompactness, θ -refinability,
subparacompactness, and so on). The class of weakly θ -refinable spaces contains all
metrizable spaces, all paracompact spaces, and all σ -spaces. Therefore, it also contains any
space which can be represented as the union of a countable family of subspaces belonging
to any of these classes. In particular, every σ -metrizable space is weakly θ -refinable. The
space Γ of van Douwen and Wicke [18] is weakly θ -refinable (since it is σ -metrizable) and
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has the countable extent, though is not Lindelöf. Therefore, Γ is an example of a weakly
θ -refinable space which is not a weak aD-space (see Proposition 1.10).
An important subclass of the class of weakly θ -refinable spaces constitute θ -refinable
spaces. A space X is said to be θ -refinable (see [11]) if, for each open covering γ of X,
there exists a sequence {ηn: n ∈ ω} of open coverings of X such that each ηn refines γ
and, for every x ∈ X, there exists k ∈ ω such that the covering ηk is point-finite at x . An
example similar to Example 1.12 but which is a θ -refinable space is impossible. The next
result, modulo Theorem 1.8, was established by Boone in [7]: Every θ -refinable space X
is an aD-space. Therefore, every metacompact space is an aD-space, though we do not
know yet whether each metacompact Tychonoff space is a D-space.
It was shown by Mashburn [23] that Boone’s result can be improved. To formulate his
theorem, we have to recall several definitions.
According to Aull [4], an open covering γ of a space X is a δθ -cover if γ =⋃{γn:
n ∈ ω}, where each γn is an open covering of X and, for each x ∈ X, there exists n ∈ ω
such that the family γn is countable at x , that is, the set of all elements of γn containing x
is countable. A space X is called δθ -refinable if every open cover of X can be refined by
an open δθ -cover. Clearly, every meta-Lindelöf space is δθ -refinable.
Mashburn proved in [23] the next statement:
Theorem 1.14. Every δθ -refinable T1-space X is minimal cover-refinable.
With Theorem 1.8 in mind, and taking into account that δθ -refinability is closed
hereditary, we can reformulate this statement as follows:
Theorem 1.15. Every δθ -refinable T1-space X is an aD-space.
Mashburn mentions in [23] that the assumption that X is a T1-space is essential in his
result. It is easy to see that this requirement is also essential in Theorem 1.15.
Curiously, no restrictions on separation in X are needed in the next statement, the proof
of which is simpler than the proof of Mashburn’s theorem, and is an easy modification of
Aull’s argument in [4].
Theorem 1.16. Every δθ -refinable space X is a weak aD-space.
Thus, the class of weak aD-spaces is quite wide. The next result of Aull [4] immediately
follows from Theorem 1.16.
Corollary 1.17 [4]. Every δθ -refinable space X of the countable extent is Lindelöf.
The space Γ of van Douwen and Wicke is not countably metacompact [18]. However,
the next question seems to be open:
Problem 1.18. Is every countably metacompact weakly θ -refinable (Tychonoff) space X a
D-space? An aD-space? A weak aD-space?
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Example 1.19. In connection with the last part of Problem 1.18 and Theorem 1.16 we
should mention that not every countably metacompact normal weakly θ -refinable T1-
space is θ -refinable or δθ -refinable. Indeed, D.K. Burke has shown that, if in the famous
example G, described by R. Bing, the set P (using Bing’s notation) is chosen to be a set
of cardinality greater than 2ω, then the space F constructed by Bing in this example is
not θ -refinable [10, Theorem 1.3]. He also observed, slightly modifying the argument in
[10], that, under the same restriction on P , the space F is not δθ -refinable. However, F is
the union of two discrete subspaces one of which is open and another closed. Hence, by
Proposition 1.5, F is a D-space.
Since every σ -metrizable (σ -paracompact) space is weakly θ -refinable, the following
two questions are closely related to Problem 1.18:
Problem 1.20. Is every countably metacompact σ -metrizable (σ -paracompact) space of
the countable extent Lindelöf?
Problem 1.21. Is every countably metacompact σ -metrizable space a D-space? An aD-
space? A weak aD-space?
Observe that a countably metacompact space need not be an aD-space. Indeed, the
space ω1 is a collectionwise normal countably paracompact space. However, it is not an
aD-space, since it is countably compact but not compact. On the other hand, a D-space
also does not have to be countably metacompact. Indeed, J. Chaber has constructed a space
X which is the union of two discrete subspaces and is not countably metacompact [14]. An
example of a space with a σ -disjoint base which is not metacompact is discussed in [26,
p. 776]. These two spaces are D-spaces, as we know.
A space X is screenable (see [11]) if every open covering of X can be refined by an
open σ -disjoint refinement. The next question is motivated by the fact [3] that every space
with a σ -disjoint base is a D-space.
Problem 1.22. Is every screenable (Tychonoff) space a D-space? An aD-space?
The notion of a D-space and its generalizations recently found delicate applications
in the topological theory of function spaces. For a Tychonoff space X, we denote by
Cp(X) the space of real-valued continuous functions on X in the topology of pointwise
convergence.
According to a theorem of Grothendieck [21], if X is compact, then every countably
compact subspace of Cp(X) is compact [21]. This brings forward the following question:
is this phenomenon due to some nice covering properties of subspaces of Cp(X) for
compact spaces X? An astonishing result in this direction was obtained by D.P. Baturov in
1987: if X is a compact Hausdorff space, and Y is any subspace of Cp(X) such that the
extent of Y is countable, then Y is Lindelöf [5]. This fact would be easily explained if we
knew that every subspace of such Cp(X) is meta-Lindelöf or θ -refinable. However, it was
shown in [20] that the space Cp(βX) is not weakly θ -refinable, for any Tychonoff non-
pseudocompact space X. In [19] it was established that if X is an uncountable discrete
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space, then Cp(βX) is not meta-Lindelöf. Under the Continuum Hypothesis CH, the
space Cp(βω) is hereditarily meta-Lindelöf, according to another result in [19]: for every
compact Hausdorff space X of the weight  ω1, the space Cp(X) is hereditarily meta-
Lindelöf.
Among the weakest covering properties of a space is the weak δθ -refinability [28].
It was established in [19] that Cp(βD(ω2)) is not weakly δθ -refinable (where D(ω2) is
the discrete space of cardinality ω2). Thus, we are unable to explain Grothendieck’s and
Baturov’s theorems in terms of traditional covering properties of Cp-spaces over compacta.
This has lead M.V. Matveev to ask the following question: Suppose that X is a compact
Hausdorff space. Is then Cp(X) a D-space? Is every subspace of Cp(X) a D-space?
Clearly, to generalize the theorems of Baturov and Grothendieck for compact X, it was
enough to answer positively the last question. Very recently, in 2003, this was done by
Raushan Buzyakova. By an elegant argument she established in [13] the fundamental fact:
for every compact Hausdorff space X, the space Cp(X) is a D-space hereditarily. It follows
immediately, that every Banach space in the weak topology is a D-space hereditarily as
well.
Observe that the next version of van Douwen’s problem on D-spaces remains open:
Problem 1.23. Suppose that X is a Tychonoff space such that Cp(X) is Lindelöf. Is then
true that Cp(X) is a D-space?
A space Cp(X) can be isocompact without being an aD-space. For example, the space
Rc is the same as the space Cp(D(c)) of all continuous real-valued functions on the
discrete space D(c) of the cardinality c. However, we know that Rc is not an aD-space (see
Example 1.12). Thus, for a metrizable space X, the space Cp(X) need not be an aD-space.
2. aD-spaces and linearly ordered spaces
The next result generalizes a similar statement about D-spaces noticed by D. Lutzer
(see [16]). We prove it modifying and simplifying Lutzer’s argument from [16].
Theorem 2.1. Suppose that X is a subspace of a linearly ordered topological space and X
is an aD-space. Then X is strongly paracompact.
Proof. Assume the contrary. Then there exists a stationary subset S of a regular
uncountable cardinal κ such that S is homeomorphic to a closed subspace of X (see [16,
Theorem 1.1]). Notice, that S is an aD-space, by Proposition 1.3.
Put Ux = {y ∈ S: y < x}, for each x ∈ S, and γ = {Ux : x ∈ S}. Clearly, γ is an open
covering of S. Since S is an aD-space, there exists a closed discrete subset A of S and a
mapping f :A → γ such that f (A) covers S. Since S is a stationary subset of κ and the
cardinal κ is regular, the cardinality of S is also κ . However, the cardinality of each element
of γ is less than κ . It follows, by regularity of κ , that |A| = κ . Take any two disjoint subsets
B and C of A such that |B| = |C| = |A| = κ . Then both B and C are cofinal with S and
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closed in S. However, it is obvious that a stationary set cannot contain disjoint unbounded
closed subsets. 
Clearly, in the above statement, we can replace the assumption that X is an aD-space
by the assumption that every closed subspace of X is a weak aD-space.
Theorem 2.1 allows to solve a particular case of the following open problem. Suppose
that a countably compact space X is the union of a countable family of aD-spaces
(D-spaces). Is X compact? There is a series of deep theorems showing that every countably
compact space which is the union of a countable family of “nice” subspaces is compact.
We refer the reader to the articles of Ostaszewski [25] and Tkachenko [27] for some of the
most interesting of such theorems.
Theorem 2.2. Suppose that a countably compact regular space X is the union of a
countable family γ of aD-subspaces each of which is a generalized ordered space, that
is, a subspace of a linearly ordered topological space. Then X is compact.
Proof. Take any Y ∈ γ . By Theorem 2.1, Y is paracompact. Therefore, X is weakly
θ -refinable. Since X is countably compact, and every regular countably compact weakly
θ -refinable space is compact [28], it follows that X is compact. 
Corollary 2.3. If a countably compact linearly ordered space X is the union of a countable
family γ of aD-subspaces, then X is compact.
Example 2.4. The space ω1 of all countable ordinals cannot be represented as the union
of a countable family of aD-spaces. This follows from Theorem 2.2, since ω1 is countably
compact and not compact.
Example 2.5. The Σ-product ΣDτ of an uncountable number τ of copies of the discrete
two-points space D = {0,1} cannot be represented as the union of a countable family
of aD-spaces. This follows from Example 2.4, since ω1 is homeomorphic to a closed
subspace of the space ΣDτ .
3. D-spaces and free topological groups
The following statement is not difficult to prove. A similar result for D-spaces was
proved by Borges and Wehrly in [9].
Proposition 3.1. Suppose that a space X is the union of a countable family η = {Xi : i ∈ ω}
of its closed subspaces Xi , where each Xi is an aD-space. Then X is also an aD-space.
Proof. Let γ be an open covering of X. Fix a locally finite in X0 subset A0 of X0 and a
pointer φ0 :A0 → γ such that the family φ0(A0) covers X0. Put W0 =⋃φ0(A0). Assume
now that k ∈ ω and the open sets Wi are defined for each i < k. Then Yk = Xk \⋃{Wi :
i < k} is an aD-space, and we can fix a locally finite in Yk subset Ak of Yk and a pointer
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φk :Ak → γ such that Yk is covered by φk(Ak). The recursive construction is complete. It
is clear that the set A =⋃{Ai : i ∈ ω} is locally finite in X. We define a mapping φ :A→ γ
by the rule: if a ∈ Ak , then φ(a) = φk(a). Notice, that Ai ∩ Aj = ∅, for i = j . Obviously,
φ(A) covers X. Therefore, X is an aD-space. 
Proposition 3.2. Suppose that a space X is the union of a countable family η = {Xi : i ∈ ω}
of its closed subspaces Xi , where X0 is an aD-space (a D-space), and every closed in X
subspace of Xi+1 \ Xi is an aD-space (a D-space), for each i ∈ ω. Then X is also an
aD-space (a D-space, respectively).
Proof. This follows from Lemma 1.4 and Proposition 3.1 (respectively, from the version
of the last proposition for D-spaces in [9]). 
Now, to apply this technique to free topological groups, we need the next (slightly
stronger) version of the statement (5.1) from [2]. For arbitrary Tychonoff space X and
n ∈ ω, we denote by F(X) the free topological group of X (see [2]), Fn(X) is the subspace
of F(X) consisting of the words of length  n, X∗ = (X × {0,1}) ∪ {e}, where {0,1} is
discrete and e is isolated in X∗ and does not belong to X×{0,1}. For each n ∈ ω, the space
(X∗)n is mapped by a natural mapping jn onto the subspace Fn(X) of the free topological
group F(X). We put Pn(X) = Fn(X) \ Fn−1(X), and let A∗n be the preimage under jn of
Pn(X). Thus, A∗n is a subspace of (X∗)n. This notation coincides with the one adopted
in [2], and we use it below.
Theorem 3.3 [2]. For each n ∈ ω, jn is a continuous mapping of the space (X∗)n onto the
space Fn(X) under which A∗n is mapped homeomorphically onto Pn(X). Moreover, every
closed subspace Y of the space Fn(X) contained in Pn(X) is homeomorphic to a closed
subspace of (X∗)n.
Proof. The first part of the statement is proved in the proof of (5.1) in [2]. The second part
follows from the first part and the definition of A∗n as the preimage of Pn(X) under the
continuous mapping jn of (X∗)n onto Fn(X). 
Here is a curious application of Proposition 3.2 and Theorem 3.3:
Theorem 3.4. The free topological group F(X) of arbitrary semi-stratifiable Tychonoff
space X is a D-space hereditarily.
Proof. Let P be the class of all subspaces of finite powers of the space X. Then every
Y ∈ P is also semi-stratifiable [22]. Hence every Y ∈P is a D-space [9]. We have F(X) =⋃{Fn(X): n ∈ ω}, where each Fn(X) is closed in X, Fn(X) ⊂ Fn+1(X), F0(X) ∈ P , and
Fn+1(X) \ Fn(X) ∈ P , for each n ∈ ω, by Theorem 3.3. From Proposition 3.2 it follows
that F(X) is a D-space. Since every subspace of a semi-stratifiable space is a D-space, a
similar argument shows that every subspace of F(X) is a D-space. 
On the other hand, the free topological group of a semi-stratifiable Tychonoff space
need not be semi-stratifiable.
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Example 3.5. Let X = Ψ be the Mrowka space. Then X is a σ -space. Hence, X is semi-
stratifiable. However, the free topological group F(X) is not semi-stratifiable. Indeed,
assume the contrary. Then the diagonal in F(X) × F(X) is a Gδ [11]. Since F(X) is a
topological group, it follows that the space F(X) is submetrizable, that is, there exists a
one-to-one continuous mapping of F(X) onto a metrizable space (see [2]). Since F(X)
contains a topological copy of X, the space X is also submetrizable. However, Mrowka’s
space is not submetrizable, since every pseudocompact submetrizable space is compact.
Hence, F(X) is not semi-stratifiable and is not a σ -space, despite the fact that X is a
σ -space.
The class of spaces with a point-countable base is also finitely productive and
hereditary. R. Buzyakova recently proved that every space with a point-countable base is
a D-space [3]. Therefore, arguing as in the proof of Theorem 3.4, we obtain the following
result:
Theorem 3.6. The free topological group F(X) of arbitrary Tychonoff space X with a
point-countable base is a D-space hereditarily.
It follows from Theorem 3.4 that, for every Tychonoff σ -space X, the free topological
group F(X) is a D-space hereditarily. In particular, the free topological group of any
metrizable space is a D-space (hereditarily). This brings forward the natural question: is
the free topological group of a paracompact p-space a D-space? Theorems 3.4 and 3.6 do
not cover this case, since paracompact p-spaces need not be semi-stratifiable and need not
have a point-countable base. The following result contains an answer to the above question.
For the definition of the notion of a strong Σ-space see [24,22].
Theorem 3.7. For every Tychonoff strong Σ-space X, the free topological group F(X) is
a D-space.
Proof. The class of strong Σ-spaces is finitely (even countably) productive and closed
hereditary [24]. Recently, it was shown by R. Buzyakova that every strong Σ-space is a
D-space [12]. Applying Theorem 3.3 in the same way as in the proof of Theorem 3.4, we
obtain the desired conclusion. 
Every paracompact p-space is a strong Σ-space [24,11]. Thus, we have:
Corollary 3.8. The free topological group of arbitrary paracompact p-space is a D-space.
Similar results, for similar reasons, hold for the free Abelian topological group A(X) of
a Tychonoff space X.
Here is yet another corollary to Proposition 3.2:
Theorem 3.9. Any σ -product of semi-stratifiable spaces is a D-space hereditarily.
Proof. Let η = {Xα: α ∈ A} be a family of semi-stratifiable spaces, and aα ∈ Xα a point
fixed in Xα , for each α ∈ A. Let Y be the σ -product of η corresponding to this choice of
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aα in Xα . Then Y consists of all points x of the product of η such that only finitely many
coordinates xα of x are distinct from aα . If the number of coordinates of a point y ∈ Y
distinct from aα is exactly n, we put r(y) = n. Let Yn = {y ∈ Y : r(y) n}, n ∈ ω. Then,
clearly, Y =⋃{Yn: n ∈ ω}, where each Yn is closed in Y .
Put Un = Yn \ Yn−1 (where Y−1 = ∅), and let Bn be the set of all finite subsets of A
of the cardinality n, for n ∈ ω. For K ∈ Bn, let WK be the set of all y ∈ Y such that
{α ∈ A: yα = aα} = K . Clearly, WK is open in Yn, WK ∩ WL = ∅, for any two distinct
K , L in Bn, and Un =⋃ ξn, where ξn = {WK : K ∈ Bn}. It is also clear that each WK
is homeomorphic to a subspace of
∏{Xα: α ∈ K}. Hence, each WK is semi-stratifiable,
and Un is also semi-stratifiable, as the free topological sum of semi-stratifiable subspaces.
Since Un is open in Y , it follows from Proposition 3.2 that the space Y is a D-space. Since
every subspace of a semi-stratifiable space is a D-space, an obvious modification of the
above argument shows that every subspace of F(X) is a D-space. 
In the same way the following three statements are proved.
Theorem 3.10. Any σ -product of spaces with a point-countable base is a D-space
hereditarily.
Corollary 3.11. Any σ -product of metrizable spaces is a D-space hereditarily.
Theorem 3.12. Any σ -product of strong Σ-spaces is a D-space.
Corollary 3.13. Every countably compact subspace of the free topological group F(X) of
a semi-stratifiable space X is compact.
4. Alexandroff–Dowker extension and D-spaces
Let us show that the class of weak aD-spaces has a certain stability property. An
interesting question arising in this connection is whether the classes of aD-spaces or
D-spaces have the same property.
Let P be a class of spaces, X a space and γ an open covering of X. Let us say that X
is in the γ -closure of P if there exist Y ∈ P , an open covering η of Y and a continuous
mapping f :X → Y such that the family {f−1(V ): V ∈ η} refines γ . The class of all
spaces X such that X is in the γ -closure of P , for every open covering γ of X, will be
called the Alexandroff–Dowker extension of P .
Theorem 4.1. Every space X in the Alexandroff–Dowker extension of the class of weak
aD-spaces (bD-spaces) is a weak aD-space (a bD-space, respectively).
Proof. We will prove this statement for the class of bD-spaces. For weak aD-spaces the
argument is practically the same. Let γ be any open covering of X. Fix a bD-space Y ,
an open covering η of Y , and a continuous mapping f :X → Y of X onto Y such that
the family f−1(η) = {f−1(V ): V ∈ η} refines γ . Since Y is a bD-space, there exist a
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locally finite in Y subset B of Y and a pointer ψ :B → η such that ψ(B) covers Y . For
each V ∈ η, fix UV ∈ γ such that f−1(V ) ⊂ UV , and let A be any subset of X such that
f (A)= B and the restriction of f to A is one-to-one. From continuity of f it follows that
A is locally finite in X. Now put φ(a) = Uψ(f (a)), for each a ∈ A. Clearly, a ∈ φ(a) ∈ γ
and f−1(ψ(f (a))) ⊂ φ(a), for each a ∈ A. Since ψ(f (A)) covers Y , it follows that φ(A)
covers X. Thus, X is a bD-space. 
Corollary 4.2. The Alexandroff–Dowker extension of the class of spaces with a point-
countable base is contained in the class of bD-spaces (and, therefore, is contained in the
class of weak aD-spaces).
Corollary 4.3. Every space in the Alexandroff–Dowker extension of the class of D-spaces
is a bD-space.
In connection with the above results, the following questions arise naturally:
Problem 4.4. Is every space in the Alexandroff–Dowker extension of the class of D-spaces
a D-space? An aD-space?
Problem 4.5. Characterize, in intrinsic terms, the Alexandroff–Dowker extension of the
following classes of spaces:
(a) The class of spaces with a point-countable base;
(b) The class of spaces with a σ -disjoint base;
(c) The class of regular symmetrizable spaces.
In conclusion, we formulate two of the most intriguing problems in the theory of D-
and aD-spaces which remain open so far:
Problem 4.6. Is there a Tychonoff aD-space which is not a D-space?
Problem 4.7. Suppose that X = Y ∪Z, where X is a Hausdorff (regular, Tychonoff) space
and Y , Z are D-spaces. Is then X an aD-space?
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